Abstract. Using Kirchberg KK X -classification of purely infinite, separable, stable, nuclear C * -algebras with finite primitive ideal space, Bentmann showed that filtrated K-theory classifies purely infinite, separable, stable, nuclear C * -algebras that satisfy that all simple subquotients are in the bootstrap class and that the primitive ideal space is finite and of a certain type, referred to as accordion spaces. This result generalizes the results of Meyer-Nest involving finite linearly ordered spaces. Examples have been provided, for any finite non-accordion space, that isomorphic filtrated K-theory does not imply KK X -equivalence for this class of C * -algebras. As a consequence, for any non-accordion space, filtrated K-theory is not a complete invariant for purely infinite, separable, stable, nuclear C * -algebras that satisfy that all simple subquotients are in the bootstrap class.
Introduction
The C * -algebra classification programme initiated by G. A. Elliott in the early seventies has seen a rapid development during the past 20 years. The notion of real rank zero C * -algebras introduced by G. K. Pedersen and L. G. Brown in the late eighties has turn out to be of particular interest in connection with classification of C * -algebras. Until the mid-nineties most results were concerned with the stably finite algebras, when people such as M. Rørdam, N. C. Phillips, E. Kirchberg and D. Huang classified some purely infinite, nuclear, separable C * -algebras in the bootstrap class. All these had finitely many ideals -in fact, almost all cases were either the simple case or the one non-trivial ideal case. D. Huang was also able to classify purely infinite Cuntz-Krieger algebras with finite K-theory (implying that all the K 1 -groups are zero). In contrast to the stably finite case, the positive cone of purely infinite C * -algebras carries no extra information, so it was clear from the beginning, that to classify non-simple purely infinite C * -algebras one needs to come up with a new invariant, which also encodes the ideal structure and the K-theory of all ideals and quotients.
The main ingredients of the proof of N. C. Phillips and E. Kirchberg were the UCT of J. Rosenberg and C. Schochet and a result saying that every KK-equivalence between (simple, purely infinite, stable, nuclear, separable) C * -algebras can be lifted to a * -isomorphism between the algebras. Shortly after, E. Kirchberg generalized this result to X-equivariant KK-theory, where X is (homeomorphic to) the primitive ideal space of the C * -algebra. The only ingredient thus missing to classify purely infinite, nuclear, separable, stable C * -algebras seemed to be to find the right invariant and prove a UCT for X-equivariant KK-theory with this new invariant. For the case with one non-trivial ideal, A. Bonkat reproved Rørdams result by providing a UCT for this class using the cyclic six-term exact sequence in K-theory. The second named author generalized this to two non-trivial ideals by including four cyclic six-term exact sequences. R. Meyer and R. Nest, and R. Bentmann recently proved that the obvious guess of an invariant gives a UCT for certain ideal lattices -the so-called accordion spaces (including, e.g., all C * -algebras with exactly three primitive ideals). In turn they also provide a series of counter-examples, where we do not have a UCT. They actually find examples of stable, purely infinite, nuclear, separable C * -algebras in the bootstrap class with finitely many ideals having isomorphic invariants without being isomorphic. This result seems to be in sharp contrast to the stable classification result for all purely infinite Cuntz-Krieger algebras with finitely many ideals obtained by the second named author by use of methods from shift spaces.
We find it very likely that the reason that Cuntz-Krieger algebras are classifiable, is the restrictive nature of their K-theory. In this paper we examine what happens to real rank zero algebras in the cases where the primitive ideal space has exactly four points. Moreover, we assume that the space is connected (since otherwise the algebras are direct sums of algebras with fewer than four primitive ideals). Also, all the basic counterexamples of R. Meyer, R. Nest, and R. Bentmann are formulated for algebras with four primitive ideals. Up to homeomorphism, there are ten different connected T 0 -spaces with exactly four points. These are
R. Meyer and R. Nest, and R. Bentmann have proved that the spaces X 7 , X 8 , X 9 and X 10 have a UCT, and thus we can classify stable, purely infinite, nuclear, separable C * -algebras in the bootstrap class with these spaces as primitive ideal spaces. Moreover they have provided counter-examples for classification for all the spaces X 1 , X 2 , X 3 , X 4 , X 5 , X 6 . In this paper we prove the following Theorem 1.1. Let A and B be purely infinite, nuclear, separable C * -algebras of real rank zero in the bootstrap class of R. Meyer and R. Nest (cf. [MN09, 4.11]). Assume that the primitive ideal space of A and B both are homeomorphic to X i for an i = 1, 2, 4, 5, 7, 8, 9, 10.
(1) If A and B are stable, then every isomorphism from FK(A) to FK(B) can be lifted to a * -isomorphism from A to B. (2) If A and B are unital, then every isomorphism from FK(A) to FK(B) that preserves the unit can be lifted to a * -isomorphism from A to B.
Theorem 1.2. There exist stable, purely infinite, nuclear, separable C * -algebras of real rank zero in the bootstrap class of R. Meyer and R. Nest (cf. [MN09, 4.11]) with the primitive ideal space homeomorphic to X 3 , which have isomorphic filtrated K-theory without being isomorphic.
where FK denotes the functor filtrated K-theory which will be defined shortly.
For the case where the primitive ideal space is isomorphic to X 6 there are still no counterexamples for the real rank zero case -however our methods do not apply as there is no known finite refinement of FK which gives a UCT.
In general the unital part of Theorem 1.1 follows from the stable part by using results from [RR07] . For X 7 , Theorem 1.1 is proved by R. Meyer and R. Nest in [MN, 4 .14], for X 8 , X 9 and X 10 , it is proved by R. Bentmann in [Ben10, 5.4 .2]. In Section 2 of this paper we set up notation and prove some preliminary results used later in this paper. In Sections 3 and 4 Theorem 1.1 is proved for X 1 , X 2 , X 4 and X 5 (cf. Corollaries 3.9 and 4.6 and Remarks 3.10 and 4.7). The proofs rely on the result [Kir00, 4.3] of E. Kirchberg that KK(X)-equivalences lift to Xequivariant isomorphisms for stable, separable, nuclear, purely infinite C * -algebras with primitive ideal space homeomorphic to a finite T 0 -space X. Theorem 1.2 is proved in Section 5.
Preliminaries and notation
In this section, we briefly discuss C * -algebras over a topological space X and the invariant introduced by R. Meyer and R. Nest in [MN] called filtrated K-theory. We refer the reader to [MN] for details.
We would like to note that there are other invariants in the literature which are closely related to filtrated K-theory. Examples are filtered K-theory and ideal related K-theory. It has been proved by R. Meyer and R. Nest in [MN] and R. Bentmann in [Ben10, 5.4 .2] that for the spaces X i that these invariants are naturally isomorphic to filtrated K-theory. It is not known if these invariants are naturally isomorphic for all finite topological spaces.
C
* -algebras over a topological space X. A C * -algebra over a topological space X is a pair (A, ψ) consisting of a C * -algebra A and a continuous map ψ : Prim(A) → X where Prim(A) denotes the primitive ideal space of A. Assume from now on that X is a finite topological space satisfying the T 0 separation axiom, i.e., such that {x} = {y} for all x, y ∈ X with x = y. Let O(X) denote the open subsets of X, and let I(A) denote the lattice of (two-sided, closed) ideals of A. A C * -algebra over X can then equivalently be defined as a pair (A, ψ) consisting of a C * -algebra A and a map ψ : O(X) → I(A) that preserves infima and suprema. We then write A(U ) for ψ(U ).
The locally closed subsets of X are denoted by LC(X) = {U \V | V, U ∈ O(X), V ⊆ U }, and the connected, non-empty, locally closed subsets of X are denoted by LC(X)
does not depend on the choice of U and V . For C * -algebras A and B over X, we say that a * -homomorphism ϕ :
E. Kirchberg has constructed X-equivariant KK-theory KK * (X; −, −), also called ideal related KK-theory and here referred to as KK(X)-theory. We denote by KK(X) the category of separable C * -algebras over X with KK 0 (X)-classes as morphism groups. In [MN09, 3.11], R. Meyer and R. Nest show that the category KK(X) equipped with the suspension automorphism S and mapping cone triangles as distinguished triangles is triangulated; so mapping cones of X-equivariant * -homomorphisms give exact triangles, and so do extensions over X that split by an X-equivariant completely positive contraction. In [MN] R. Meyer and R. Nest establish a UCT for KK(X)-theory, i.e., they establish exactness of 2.3. Construction of R Y . The C * -algebras R Y are constructed as follows. Define a partial order on X by x ≤ y when x ∈ {y}. The order complex Ch(X) is the geometric realisation of the simplicial set whose nondegenerate n-simplices [x 0 , . . . , x n ] are strict chains x 0 < · · · < x n . Maps m, M : Ch(X) → X is then defined by the inner of a simplex [x 0 , . . . , x n ] being sent to x 0 by m and to X n by M . The
Filtrated K-theory FK and the UCT. One defines for each
and called a restriction map, the natural transformation given by R Y ։ R U is denoted by i Y U and called an extension map, and the natural transformation given by R Y \U ֒→ R Y ։ R U is denoted by δ U Y \U and called a boundary map. For a C * -algebra A over X, these natural transformations are the ones appearing in the six-term exact sequence induced by the extension A(U ) ֒→ A(Y ) ։ A(Y \U ). It is unknown whether there exists finite T 0 -spaces X over which the ring N T is not generated by transformations of this form, but for the spaces X 1 , X 2 , . . . , X 10 considered in this paper, this is not the case.
The counterexample of Meyer and Nest
We now restrict to the space X 1 = {1, 2, 3, 4} with O(X 1 ) = {∅} ∪ {U ⊆ X 1 | 4 ∈ U }. We abbreviate, e.g., {1, 2, 3} to 123. A C * -algebra A over X 1 is then an extension of the form A(4) ֒→ A ։ A(1) ⊕ A(2) ⊕ A(3). The ordering on X induced by its topology is then defined by i ≤ 4 for all i ∈ X 1 , its Hasse diagram (or, more correctly, the Hasse diagram of the inverse order relation) is
and LC(X 1 ) * = {4, 14, 24, 34, 124, 134, 234, 1234, 1, 2, 3}. In [MN] it is shown that the ring N T = Y,Z∈LC(X1) * N T (Y, Z) is generated by natural transformations i, r and δ that are induced by six-term exact sequences, and the indecomposable transformations are of infinite order and fit into the following diagram
where the six squares commute and the sum of the three transformations from 1234 to 4 vanishes.
3.1. The refined invariant. In [MN] , R. Meyer and R. Nest refine the invariant FK to an invariant FK ′ . They prove a UCT for this refined invariant, so for A and B in the bootstrap class B(X 1 ) one can lift isomorphisms between FK ′ (A) and FK ′ (B) to KK(X 1 )-equivalences, and by combining this with the classification result [Kir00, 4.3] of E. Kirchberg conclude that it strongly classifies the stable, purely infinite, separable, nuclear C * -algebras A that are tight over X 1 and whose simple subquotients A(4), A(1), A(2) and A(3) lie in the bootstrap class, see [MN, 5.14, 5 .15].
In [RR07] , the second and third author showed how one can strongly classify a class of unital properly infinite C * -algebras given that the this class are strongly classified up to stable isomorphism. Since FK ′ (·) strongly classifies the class of stable, purely infinite, separable, nuclear C * -algebras A that are tight over X 1 , by Theorem 2.1 of [RR07] , FK ′ (·) together with class of the unit strongly classifies the class of unital, purely infinite, separable, nuclear C * -algebras A that are tight over
The invariant is defined by constructing a C * -algebra R 12344 over X 1 and adding KK * (X 1 ; R 12344 , −) to the family of functors. The indecomposable transformations in the larger ring N T ′ = Y,Z∈LC(X1) * ∪{12344} N T (Y, Z) fit into the following diagram:
The C * -algebra R 12344 is the mapping cone of a generator of the cyclic free group N T (234, 14) and its filtrated K-theory is
where the three maps i 
Proof. Define for each Y ∈ LC(X)
* an N T -module P Y as P Y (Z) = N T (Y, Z). Then P Y is freely generated by id Y ∈ P Y (Y ) as an N T -module. Define j : P 1234 → P 124 ⊕ P 134 ⊕ P 234 by f → f i If g Y generates FK Y (A) for all Y ∈ {124, 134, 234}, then the morphism will be an isomorphism: it is automatically bijective FK Z (R 12344 ) → FK Z (A) for Z ∈ {124, 134, 234}, by the assumptions in the lemma it is therefore surjective and hence bijective for Z = 1234, and by exactness it then follows that it is bijective for Z ∈ {1, 2, 3} whereby bijectivity for Z = 4 also follows, cf. the Diagram (2).
Let g Y be a generator of FK Y (A) for Y ∈ {124, 134, 234}. Since i In the discussion after the proof of Lemma 5.9 in [MN] , we have that the natural homomorphism from KK(X 1 ; R 12344 , A) to Hom (FK(R 12344 ), FK(A) ) is an isomorphism. Since FK(A) and FK(R 12344 ) are isomorphic as N T -modules, we have that A and R 12344 are KK(X 1 )-equivalent.
Lemma 3.2. There exists an exact triangle 
and by applying KK * (X 1 ; R Y , −) = FK Y and calculating FK Y (ϕ), one sees that FK Y (S ¼ ϕ ) and FK Y (R 12344 ) are isomorphic for all Y ∈ LC(X 1 ) * , cf. Diagram (2). Furthermore one sees that FK ij4 (ι) are isomorphisms, and that FK 1234 (ι) is surjective as FK 1234 (ϕ) is injective and (using standard generators) is given by Z ∋ x → (x, x, x) ∈ Z ⊕ Z ⊕ Z. Using that FK Y (ι) respects the natural transformations, and that the natural transformation
is an isomorphism. Hence S ¼ ϕ and R 12344 are KK(X 1 )-equivalent by Lemma 3.1.
Therefore π and ι induce natural transformations, and since all the involved groups of natural transformations are cyclic and free, we may writeπ = nf 1234 with f 1234 generating N T (1234, 12344) andῑ = (n ij4 f ij4 ) with f ij4 generating the group N T (12344, ij4) .
But FK Y (π) = 0 for all Y . However, since FK ij4 (R 1234 ) = 0 and FK 1234 (R 1234 ) = Z, we get by applying KK * (X 1 ; −, R 1234 ) to the exact triangle thatπ = nf 1234 on R 1234 is an isomorphism Z → Z[1], hence n = ±1. Lemma 3.3. There exists an exact triangle 
* . Furthermore we see that FK 4 (ι) and FK k (π) are isomorphisms, and that FK ij4 (π) and FK 1234 (π) are injective as FK ij4 (ϕ) and FK 1234 (ϕ) are surjective and (by using standard generators) are given by
Using that FK Y (π) respects the natural transformations, and that the natural transformation
Hence ¼ ϕ and R 12344 are KK(X 1 )-equivalent by Lemma 3.1.
Therefore π and ι induce natural transformations, so we may writeῑ = nf 4 with f 4 generating N T (12344, 4) andπ = (n k4 f k4 ) with f k4 generating the group N T (k4, 12344).
As
Lemma 3.4. There exist natural transformations f 14 , f 24 , f 34 , f 124 , f 134 , f 234 such that f k4 = N T (k4, 12344) and f ij4 = N T (12344, ij4) and such that the sequences
x x r r r r r r r r
f f ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ f f ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ are exact for all C * -algebras A over X 1 and all m, n ∈ {1, 2, 3} with m = n.
Proof. This follows from Lemmas 3.2 and 3.3 by applying KK * (X 1 ; −, A) and using that by the Diagram (1) the transformation f m4 i 
Since the natural transformations in FK
′ are generated by the natural transformations in FK together with the natural transformations f k4 and f ij4 , we see that the extended ϕ respects all the natural transformations in FK ′ , hence it is an N T ′ -morphism between FK ′ (A) and FK ′ (B).
Observation 3.6. A separable, nuclear, purely infinite, tight C * -algebra A over a finite T 0 -space X is of real rank zero if and only if the boundary map δ 
. We say that ϕ is an isomorphism that preserves the unit if ϕ is an isomorphism of N T -modules that preserves the unit.
Combining this with [Kir00, 4.3] and [RR07, 2.1,3.2], we obtain the following corollary.
Corollary 3.9. Let A and B be separable, nuclear, purely infinite C * -algebras that are tight over X 1 and whose simple subquotients lie in the bootstrap class. Assume that A has real rank zero. Proof. Let ϕ : R 123 → R 13 ⊕ R 1234 ⊕ R 23 be given by inclusion respectively restrictions to subspaces, such thatφ = (i Remark 5.2. The space X 6 has been studied in [Ben10] where R. Bentmann fails to construct a finite refinement of filtrated K-theory over X 6 that admits a UCT and remarks that it seems unlikely that such a finite refinement exists. So our method cannot be applied for the space X 6 . In [Ben10] , R. Bentmann constructs separable, stable, nuclear, purely infinite, tight C * -algebras A and B over X 6 that have isomorphic filtrated K-theory and are not KK(X 6 )-equivalent. One can check that the boundary map FK 1 (A) → FK 3 (A) does not vanish in either degrees, so neither A and B nor the suspensions S A and S B have real rank zero. So there is so far no known real rank zero counter-example for X 6 .
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